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Signal Processing

Spectral analysis

"‘V‘N'M ., \N. WMM

w ramach Europejskiego Funduszu Spotecznego ... 2o

NARODOWA STRATEGIA SPOINOSCI

Projekt wspoétfinansowany przez Unie Europejsk
E KAPITAL LUDZKI ] p yp € p€jskg UNIA EUROPEJSKA



Signal Processing

Signal processing
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Signal Processing

Spectral analysis

Analysis of signals in spectral domain enables observation of signal
features that are not visible in time domain but have significant
diagnostic meaning.

X(f) —— Transformaton — X(w) —— Analysis
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Signal Processing E

Fourier series

Joseph Fourier
(1768-1830)

Wide range of signals may be represented by linear combination of
harmonic functions of different frequencies — so called Fourier series
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= DTMF - Dual Tone Multi Frequency

# Phone Pad

http://onlinetonegenerator.com/dtmf.html

Signal Processing m

File Edit Window Help
Time Response
1 :

0.5
S 0
L

0.5

-1 L L L L
. 0.01 0.02 0.03 0.04 0.05 DTMF keypad frequencies (with sound
Time (sec) clips)

1ot Spectrum 1209 Hz 1336 Hz 1477 Hz 1633 Hz
_ 697 Hz 1 2 3 A
D i}
= 100 ¢ 1
: M‘/\“«/*/\l\\/\,\/‘ : i ) :
% 10° ] 7 8 9 C
L

o | | | " 0 # D

0 a00 1000 1600 2000
Frequency (Hz)

w ramach Europejskiego Funduszu Spotecznego

NARODOWA STRATEGIA SPOINOSCI

Projekt wspoétfinansowany przez Unie Europejsk
E KAPITAL LUDZKI ) P y P ¢ pejsra

UNIA EUROPEJSKA
EUROPEJSKI
FUNDUSZ SPOLECZNY



http://onlinetonegenerator.com/dtmf.html

Signal Processing

Fourier Transform

How to combine amplitutes of individual harmonics (of varying
frequencies) in order to obtain a representation of a signal of an
arbitrary shape?

FT ?
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Signal Processing m

B Trigonometric Fourier series

x(t)= azo + kZl(ak cos kayt + by, sin kawyt )

where: @, = 2; fundamental frequency [rad/s]
: 9 T
and: a, == jx(t)dt

I
2 T

a, = [x(t)coskaytdt, k=12,...
I
2 T

b = — [x(¢)sin kaytdt, k=1,2,...
I
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Signal Processing m

Inner product of vectors

B

Inner product of vectors

A-B =|A||B|cos ¢ is a scalar

Ebnic ¢ =) i.e. for orthogonal vectors
A-B=min<0 for ¢=180° < . -

A-B=max>0 for ¢=0 . > >
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P [nner product of vectors in Signal Processifl
@2 a Cartesian coordinate system

A ~ [Ax’ Ay] A
B= Bx,By] A

A-B=A4B, +A4B,

A-B= |A||B| cos(¢A — Qs ) = |A||B|(cos @, CcoSQ, +Sin@, sin @, ) =
- ‘A‘ COS¢A‘B‘COS¢B + ‘A‘ sin ¢A‘B‘Sin ¢ =A.B,+A4B,
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Inner product of vectors

On the Euclidean plane -

For an N-dimensional

vectors:

X:[xl,xz,...,xN]
Y:[yPJ’z"WJ’N]

e

Signal Processing

A-B=A4B +A4B,

N
X,Y:inyi :x1y1+x2y2+...+xNyN

These can be interpreted
as samples of functions

i=1
1 L
M
N Y
X-Y=2 5y, =X"Y=[xx5...x] "
i=1
YN
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Basis vectors

Problem: We want to represent a

given vector C: by orthogonal
(basis) vectors @ i b of unit length

SN

a

Signal Processing

|l
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Orthogonal vectors

v
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Signal Processin

2 Basis vectors

Hyphotesis: B
C=(a-Cla+(5-C)b

roof: B A
(@-C)a=(aCcosa)a=4a vy
(6-¢)5=(8/C cosp)s = B5 \

C=Aa+Bb=A+B
'¥

SN

K
RN

N

Linear combintion of basis vectors
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Signal Processing

Back to Fourier series

Joseph Fourier
(1768-1830)

Fourier
coefficients Basis functions

Wide range of signals may be represented by linear combination of
harmonic functions of different frequencies — so called Fourier series
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Signal Processing

[ The problem of function approximation

Consider a task: we wish to approximate a given function g by
a weighted sum of n simpler functions f; :

n
gra firofr+..+a,f, :Zaifi
i=1

—

Linear combination of
functions

The set of functions f; is usually given, our goal is to find out
coefficients «;, such that we get best possible approximation of

function g by a set of n simpler functions f;
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B Trigonometric Fourier series

Signal Processing

x(t)

doy
2

+ Z (@, cos kayt + b, sin ka,t)

Inner product of

k=1
where: @, :2; fundamental frequency [rad/s]
: )
and: a, == jx(t)dt

2 / functions
2 7 <

a, = [|x(t)coskaytdt, &k =1.2,...
I 5
2 T A/

b = — [ x(¢)sin kaydt, k=1,2,...
th()
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Signal Processing

x(t) = 6;) + g(ak cos kayt + b, sm ka)ot)

VV‘_

#
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%>fo=; ; 6/

time > frequency
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Signal Processing

Fourier series - example

+00
x(r)= Zbk sin kgt x(t) =sinwyt —1.5-sin2wyt +2 - sin3wyt
k=1

0 = 10 '1.5 0 +20

A

4 1 1 1
0 50 100 0 50 100 0 50 100 0 50 100

2

Tﬂ | Fundamental period

Fundamental frequency |
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Signal Processing m

Fourier series - example

+00
. xtt)=lsinwnt —1.5-sin2wnt +2 - sin3wnt
x(t)= Zbk sinkaw,t (t)=Isina, 0 0
k=1
27
A 2 a)() -
T
4
, L/y Amplitudes of
harmonics
= 20, -
0 — >
0)0 30)0 a)
-2
{1,-1.5,2}
4 15 Signal compression!
0 50 100 .
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Signal Processing
Fourier series - example

/ Fundamental from numpy import sin, ones, hstack, zeros, pi, linspace
1.5 i : . L from pylabk import plot,show
/ pulsation ay

xl=one=z=(s0)

ﬂ.\ .ﬁ' ,&43 V.

I PR AR

e AT wad=—x1
ﬂv a‘»@.m

x=hstack({(xl,x2))
t=linspace(0,2.0%pi 100}
plot({t,x,'r', linewidth=4})

show ()

Xxf=zeroz(len(t))

for 1 in xrange(l,l17,2):
xf+=4.0/pi%*sin(i*t) /i
ploc{t,xf,'b")

05| show ()
10l ‘Ehwqéahﬂﬂ‘“mhﬁ I
/ ' ‘ ﬁ‘:?"""'f' """" "fll"

2
)C(f) 4 SiIlt+SiIl3t+SiIISt |:> a)O:;f:l
T\ 1 3 5
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Signal Processing

. 4| st Fourier spectrum

s, .T.[.I.T.f.?.?.f'

4 3 5 11 13 15 17 19
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Trigonometric Fourier series

x(t) = c;’ + f(ak cos kayt + b, sin kayt)

k=1
300 1 1
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100 05 05
0
— P ? ?
n 0 n 0 | |
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Signal Processing

Fourier series of ECG
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Signal Processing m

Fourier series of ECG

100 150 200
f[Hz]
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Signal Processing m

Exponential Fourier series from trigonometric series

L3
a, =c, +c_,, k=0,12.,... a4 =2
b, = jlc,—c,), k=1,2,3,.. — [
then:
00
x(t)=c, + Z (¢, +c_, )coskat+ jlc, —c_, )sin ka)ot)
k=1
and finally:
x(t) = i Ckejka)ot use:
—o e’ = cos wyt + jsin wyt
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Signal Processing

Euler’s formula:

e’ = cos w,t + jsin w,t
: 1 ( i _iny 0lcoswt |1 >
sma)ot:—.(ef " —e™ 0) Re
2]
1

COSa)Ot — 5(ejd)ol‘ + e—JC!)ot)
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Signal Processing m

2 Fourier coefficients

+00 +00 o 27\
(=3 e =3 w1

where:

X (k)= %ix(z)efk%fdz, X(0) = 1 j x(t it
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Signal Processing m

Kwp by continuous pulsation o:

1+oo

x(t) = ) jX(jw)ej”tdw

\ ]

\ Y J .
Complex Fourier
o coefficients
X(jow)= jx(t)e_”}’dt
—o0 Complex numbers!
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Signal Processing

B Fourier Transform - example

O
0
(

=

nite spectrum

3

n
—_—

; FT 5

o fort=0 o5 . .
0-{5 i Jom=1 xGo)= foe -1
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Signal Processing

B Fourier Transform - example

Dirac Impulse

constant signal | 27 e)

FT

[ ®

+00 o0 fOl’ Q)ZO
X(jw)= [1-¢7 dt = 278(w) 3@)=10 for o2
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Signal Processing
o

U Fourier Transform - example

2T

_;

l

-
——
"

-t/ T

\/ \ /T

T T

®
sin wl’

’ +T

= X(jw)= T dt =21
X(t) O, M ST (J ) _J;e T

A signal of finite length has infinitely wide spectrum

Projekt wspoétfinansowany przez Unie Europejskg uniaeuroresska [N
Lﬂéo';'cmgghggggﬁm, w ramach Europejskiego Funduszu Spotecznego ShocEE s




Signal Processing

U Spectrum of a harmonic function

K
e

[ ——
[

\

f @

COS Wyl = ;(eja’ot + e‘jw‘)’) <> ;(27[5(0) —ay)+278(0+ w,))
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Signal Processin

Pﬂﬁ Spectrum of a harmonic function

LX)

FT

{ @

sina)otzl.(ej“’ot—e_j“’o’) PN —;(27z§(a)—a)0)—27z5(a)+a)0))

2]
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Signal Processing

8 Series of unit impulses

) N\ ' X(w)
/ FT >

b
_~

27/ T

T 0 1 21| HMuT-20T O 20T 4w

N
5

f ®
5T(t):i’:5(t_m o %25(@_;@0)
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Signal Processing

& Some properties of Fourier Transform

1. Linearity: ax(t)+ by(t) <— a X(]a))+ b Y(]a))
2. Scaling: x(at) YA IX(CO), a>0
A a
3. Convolution: x(t)*y(t) > X(]a))Y(]a))
4. Multiplication: x(t)y(t) <~ X(]a))* Y(]a))
5. Parseval's equality: __[Jx(t)(z dt :i‘[JX(ja))(zda)
6. Modulation: x(t)e’™ & X(o-a,))
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Signal Processing

2 Discrete Fourier Transform

Periodic signal x(t) is sampled N times during its period T,
ie. T=NAt . Discrete signal x(n) of period N is obtained:

x(n)z x(n+N)

Projekt wspoétfinansowany przez Unie Europejskg uniaeuroresska [REED
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Discrete Fourier Transform

Signal Processing

The smallest frequency of Fourier series
(fundamental frequency):

Jo

Frequencies of succesive k-ths
harmonics:

I S S
T NAt N

ko kf

k —_ — )
o= N

x(t) [ £=1r=11Nat)

2f
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Signal Processing

Discrete Fourier Transform

Frequency/time resolution: 1 1 /.

Jo

T NAt N

! !
‘ ‘ | |

| o | | | I >
! !

0| 1f, 2f, 3f, 4f, o Kf

g o

X(k

x(1)
N\ NNt

o — N\ 7
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Signal Processing

B Discrete Fourier Transform

Frequency/time resolution: f'— 1
" 2T 2NAt 2N

X(k

f,=1/2T o/

l |
1 >

Kf’

=
|

O’If 2f 3f

(0
A\//\ AN
o~ N\~~~
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Signal Processing

Discrete Fourier Transform

Frequency/time resolution: - 2 2 2f
" T NAt N

g o

X(K]

f” =2/T fo — 2f0

I
I
I
I
I
1
! |
L |
! |
! |
! |
1
1
| I »
L. >
! |

0 Wi 2" 5 i Kf”

A
Y

x(f)

oTVA f\\/‘//\v "
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Signal Processing

B Discrete Fourier Transform

Modifying equations for Fourier series and Fourier coeficients for
continuous time:

k=+o0

X (k)= %_T[x(t)ejka’o’dt x(t)="> Xk’

k=—0

gives corresponding equations for discrete time:

NAt n=0 Nn—O
N—] jkzﬂ-l’l k=0,1,2,...,N-1
xin)=>) X(k)e V
( ) ; n=0,-1, 2=Ss38N
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Signal Processing

B8 Discrete Fourier Transform

Direct:

/ Sample index in time

X(k)ZNZx(n)e \ k=0,1,2, ..., N-1

Inverse: Sample index in frequency
Nl jk27rn
w(n)=Y X(kye V' n=0.1.2 NI
k=0
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Signal Processing 44
| ol

PL DFT — amplitude and phase spectrum

N-1
X (k)= 1 D x(m)e N
N n=0

X (k) =[X (k)] - =3

Amplitude \

spectrum Phase
spectrum

Where:

X (0] = Re[X (0] + Im[X (k)]

arg| X (k)] = arcm( ﬂf{%j
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Signal Processing

B DFT — properties

For a real valued signal x(n) the following property holds for its N-point DFT:

X(k)=X"(N—-k)

Hence for the amplitude spectrum (even symmetry):

X (k)| =|X (N —k)

and for the phase spectrum (odd symmetry):

arg| X (k)| = —arg X (N - k)]
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z;f:ﬁfit DFT-example

x(n)=[13 4 4]

X (k)=

N-1=3

Zx(n)e—]Zﬂkn/N

Signal Processing

1 N-1=3
X(0)=—

n=0

:%[1+3+4+4]=3

X1)=2.... =Z(—3+J)
1

X(2)=2.... =—Z(2)

X3)=7..... —%(3+j)

N Z x(n)e /7N = —[x( )+ x(1)+x(2)+x(3) | =

Amplitude and
phase
spectrum?

E KAPITAL LUDZKI
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x(n)e—jZﬂkn/N N=4

Signal Processing

X(EH(
2

ool

)

Amplitude spectrum:
even symmetry

Phase spectrum:
odd symmetry

i KAPITAL LUDZKI
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Signal Processing

DFT — properties

DFT is periodic:

X(k)= X (k+N)

1 N-1 ' 1 N-1 . _ 1 N-1 .
X(k+N)=— (n e—j2ﬂ'(k+N)n/N _ (n e—]Zﬂfm/Ne—]ZﬂkI’l _ x(n)e j27kn! N — x(k
( )N;u N;u ~ anz(;() (k)

\
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Signal Processing

Discrete Fourier Transform — amplitude spectrum

N-even (N=16)

'
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Signal Processing m

Discrete Fourier Transform — amplitude spectrum

N-odd  (N=15)
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Signal Processing
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Signal Processing

Examples

Computer exercise:

*Create N=2000 samples of harmonic signal x(t)=Asin(2f,t), where
A=10, £,=20 Hz, sampled with frequency 7,=1000 Hz.

Plot the signal, determine its frequency spectra and plot them.

«Compute the inverse transform and compare the result with the
original signal.
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fh Examples

Signal Processing

signal in time domain

CETT T T T T T T T T IT T 1T [n=2000 #number of samples
8 A=10 #amplitude
6 fx=20 #sinusoid frequency
4l- fs=1000 fsampling frequency
L. T=N/fs #time range
g #time scale
% o t=arange (0,T,1.0/fs)
g L
4 - #sinusoid sample values
5l x=A*sin (2*pi*fx*t)
8-
#fplotting
M0 01 02 03 04 05 06 07 08 figure (1)
X plot (t, x)
title('signal 1n time domain')
xlabel (‘Time [s]'")
vlabel ('f (x)=sin(x)")
Projekt wspoétfinansowany przez Unie Europejskg UNIA EUROPEJSKA
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= Examples

#frequency base determination
fO=float (fs) /N

Signal Processing E

f=arange (0,N*£0, £0)

#determination of Fourier
coefficients

X=fft (x)

#plotting

figure

plot (f,abs (X))
title('frequency spectrum’
xlabel ('f")
yvlabel ("FFT (sin(x)) ")

FFT(sin(x))

6000 ¢

5000

4000

3000

2000

1000

frequency spectrum

I

!

1

i

I

L

r

L

400

600
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= Examples
#inverse
iX=1fft (X)

figure; plot (t,real (iX))

title('Reconstructed signal')

Signal Processing E

xlabel ('x")
vliabel ("TFFT (FFT (sin(x))) ")

10

Reconstructed signal

0.1

0.2

0.3

0.7

0.8 09 1

ﬁ KAPITAL LUDZKI
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Signal Processing

Examples

Computer exercise:

Add the Gaussian noise of standard deviation 0=20
(20*randn (1, 1000) )

to the signal created in the previous excercise.

Plot the noised signal. Is it possible to determine the harmonic
frequency using the time characteristic?

Plot the frequency spectrum of the noised signal and determine the
main harmonic component of the signal.

. *
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Examples

signal in time domain

60 T T L T L L T L L
40~ -
20~ '
=
£
o 0 ¥ signal in time domain
8 60 F L U |8 L L |8 L L |8
20+ -
401 -
40 -
201 -
(0]
(2]
60 r r r r r r r r r g
0 0.1 0.2 0.3 04 05 06 07 0.8 0.9 1 x
X X 0
£
(2]
,II\
X
-20
40~
_60 L r r r r r r r r r
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
X
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Examples

signal in time domain signal in time domain
60 T T T T T T T T T 60 T T T T
40 40 ]
20 20 |
= g o
-20
40t
-40
DF1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 . . . . . . . . .
X -600 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
frequency spectrum frequency spectrum
6000 T T T T T T T T f T T T T T T T T T T
4 i
5000 - e
400 -
4000 - . 3500 |
= _. 3000 .
) =
o= [ a C
l:U), 3000 @/ 2500 L. -
L =
L L
% 2000 |- .
2000 - E
1500 - -
1000 - . 1000 |- 7
500 %
0 gl pu L L r r I r r L
0 100 200 300 400 500 600 700 800 900 1000 0 r r r r r r r r r
f 0 100 200 300 400 500 600 700 800 900 1000
f
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Examples

frequency spectrum S|g nal
6000
5000 -
4000 - . threshold
= —/
E 3000 |- i
I
/ noise
2000 |- |
/—
1000 J MM
W f ‘ 1 M ’mm L
0

100 200 300 400 500 600 700 800 900 1000
f

KAPITALLUDZKI w ramach Europejskiego Funduszu Spotecznego FUNDUSZ S

NARODQOWA STRATEGIA SPOINOSCI

E Projekt wspotfinansowany przez Unie Europejska UK EURBBEIERA



Examples

Reconstructed signal

Signal Processing

14

10 4

IFFT(FFT(sin(x)))
& o %)

]

-10

L L L L L L L L L

-15°
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Signal Processing

Examples

Computer exercise:

Determine and plot the amplitude frequency spectrum of the ECG
signal sampled at f,.=360 Hz

(remember to subtract the mean from the signal prior to Fourier
transform. Use 1024-point DFT).

Analyse the ECG signal spectrum.
Notice the mains frequency.
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Signal Processin

U Examples

ECG plot
600 L T 5 T L
500 ] mains frequency 60 Hz
400 - -
300|- -
ECG spectrum
12000 I T T T T T T
200 | .
100 [ i 10000 -1
0 LM“ ] 8000 -
100 - -
6000 .
_200 r r r r r I
0 5 10 15 20 25 30
time [s] 4000 [ i
2000 - i
r r r r r r r r
0 50— 100 150 200 250 300 350

frequency [Hz]
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Signal Processing

B |n practice a Fast Fourier Transform (FFT) is used

N |N?(FT)| NlogN | Zysk
(FFT) | N/logN
16 256 64 4

256 | 65535 | 2048 32

512 | 262144 | 4608 64

2048 | ~4e6 | 22528 186

N-1 27
)((IC):i X(n)e Jk(Nj , dla k:O,ID.“,N_l
N n=0
| v —jO( 27,)” /— Single coefficient
X(O) = N X(n)e N
n=0

In FFT symmetry and periodicity
of complex harmonics is used

w ramach Europejskiego Funduszu Spotecznego Funpusz srocecny [T
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Short Time Fourier Transform

Consider the following non-stationary signal:

f(x)=sin(x)+noise

60 ¢

40

20

signal in time domain

Signal Processing m

1

]

]

L L L L L L L L L

0.1 0.2 0.3 0.4 0.6 0.7 0.8 0.9
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Short Time Fourier Transform

frequency spectrum
L L L L L L L L L

]

2500

]

2000

1500

]

FFT(sin(x))

1000

1

500 -

0= r r r =
0 10 20 30 40 50 60 70 80

What important information is lost in the frequency spectrum?
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Short Time Fourier Transform

signal in time domain

60 L L L L L L L L L
40 | f
o 2°I signal i
L
o
c
x|
X of .
[
»
JL
x
- window i
AN
/N
r r r r r r r r

DFT(signal*window)
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Short Time Fourier Transform

Signal Processing m

sin(x)+noise

f(x)

signal in time domain

60 [ L L L L L L L L L
40 -
20 signal
0 [
i window
N
,/ h
r

DFT(signal*window)

KAPITAL LUDZKI

NARODOWA STRATEGIA SPOINOSCI

Projekt wspoffinansowany przez Unie Europejska
w ramach Europejskiego Funduszu Spotecznego

UNIA EUROPEJSKA
EUROPEJSKI
FUNDUSZ SPOLECZNY




Short Time Fourier Transform

Signal Processing m

signal in time domain

60 [ L L L L L L L L L
40 - -
20 - . .
2 signal
o
X
g Or W
=
w
JL
X
B window |
N
/N
C [ r [ [ [ [ L L [
0 0.1 0.2 0.3 0.4 0.6 0.7 0.8 0.9 1
DFT(signal*window)
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Signal Processing

Short Time Fourier Transform

signal in time domain
60 r L L L L L L L L L
40 - -
o 2 signal ’
2
o
c
X
E or \/\/\
[
k%)
JL
X
i window |
~
VR
r r r r r r r r r
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 8 0.9 1
X

DFT(signal*window)
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L Short Time Fourier Transform

Signal Processing

Frequency

u Figure1

Edit  View Insert Tools

500
450
400
350

300

3

200

Desktop  Window Help

hedE W R8s € 0EH =0

=l o)

150 F

100

50

05
Time

0.6

KAPITAL LUDZKI

NARODOWA STRATEGIA SPOINOSCI

Projekt wspoffinansowany przez Unie Europejska
w ramach Europejskiego Funduszu Spotecznego

FUNDUSZ SPOLECZNY




Signal Processing

Short Time Fourier Transform

STFT (x(n)) = X (m,®) = ix(n)w(n —m)e /"

AR

discrete frequency =~ window function

discrete time variable
variable
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Short Time Fourier Transform

Signal Processing
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Signal Processing

Electroencephalography

Electroencephalography — a noninvasive measurement technique of an
electrical activity of the brain

Inion 10%

Standard positioning points
of EEG electrodes (system10/20)
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Signal Processing

EEG signal

EEG alpha rhythm

20 +

10 ~

Amplitude

—30 -

T T T T
11.0 11.2 11.4 11.6 11.8 12.0
Time[s]
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Signal Processing

Short Time Fourier Transform

100 Spectrogram of the EEG alpha rhythm

80

Frequency [Hz)

Time[s]

Pxx, fregs, bins, im = specgram(eeg1, NFFT=512, Fs=200, noverlap=500, cmap=cm.gist_heat)
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Signal Processing

EEG signal

EEG beta rhythm

10

Q
g o ﬂ
g | | "M |
|
_1{]_
T T T T T
0.0 0.2 0.4 0.6 0.8 1.0

Time[s]
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Signal Processing

Spectrogram of the EEG beta rhythm

100

80

60

40

Frequency [Hz)]

Time[s]

Pxx, fregs, bins, im = specgram(eeg2, NFFT=512, Fs=200, noverlap=500, cmap=cm.gist_heat)
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Signal Processing

Fourier series

Exponential Fourier series
Fourier Transform

Discrete Fourier Transform

Fourier spectrum interpretation

S

Short Time Fourier Transform
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